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Abstract
We consider the case of rotating black holes in a dark-matter-emulating theory
of gravity called MOG. The latter introduces a gravitational vector field with an
associated gravitational charge proportional to the black hole mass and a scalar field
in place of the gravitational constant. The resulting black hole metrics resemble the
Kerr-Newman geometry and enjoy superradiant scattering. MOG, however, presents
important new features. By studying the scattering of a scalar field, we show that
there is a marked reduction of the critical frequency of mode amplification. This
corresponds to saying that the superradiance peak frequency is red shifted. Analyses
of the reflected energy flux also show that MOG black holes are fainter with respect
to the standard ones. The proposed results pave the way for testing MOG against
astronomical observations.
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1 Introduction
General relativity (GR) is known to be an incomplete theory. It breaks down at short
length scales, where quantum effects have necessarily to be taken into account. It also
fails to be predictive at large length scales, unless one invokes the presence of dark
components, namely forms of matter and energy that escape direct detection.
In such a context, black holes might represent one of the privileged testbeds for GR
due to their wide mass spectrum, ranging from Planckian values ∼ 10−8 kg to ∼ 1041
kg in case of supermassive black holes. The black hole formation mechanism is, how-
ever, not completely understood. For instance, microscopic black holes are hypothetical
objects formed by the collapse of high density fluctuations of the early Universe [1] or
via quantum mechanical decay of de Sitter space [2–4]. The formation of black holes
with intermediate mass, i.e., 102–105M⊙, is still debated: they are too heavy to be the
result of a collapsing star and too light to form via an accretion mechanism. Due to the
above uncertainties, black holes have been the subject of investigations within theories
alternative to Einstein gravity, mostly for what concerns its ultraviolet completion – see
for instance [5–15].
In the present paper we want to use black holes to scrutinize the other regime, namely
the large scale behavior of the gravitational field. Specifically, we focus on a theory called
Modified Gravity (MOG). Rather than invoking little known dark components to amend
GR predictions, MOG involves a massive vector field as an additional gravitational force
mediator on top of the metric field, and constants of the ordinary theory are replaced by
scalar fields [16]. For this reason MOG is also known as Scalar-Tensor-Vector Gravity
(STVG) theory. MOG possesses an action principle formulation, it is generally covari-
ant, and obeys the weak equivalence principle. On the phenomenological side, MOG
is able to explain observations which are typically inferred to support the dark matter
paradigm [17–22]. In addition, it turns out that MOG complies with cosmological obser-
vations such as the cosmic microwave background (CMB) angular power spectrum [23].
The theory passes the test of gravitational wave signals [24, 25] and predicts gravitational
lensing of galaxies and clusters [26, 27].
It has been recently shown that MOG provides compelling predictions for the black
hole shadow [28–30] and the ring down of black hole mergers [31, 32]. Further studies
about MOG black holes are presented in [24, 33–44].
In the following, we will investigate the case of black hole superradiance [45–49].
Superradiance is a phenomenon consisting in the amplification of an incident wave scat-
tering off a black hole. Classically, superradiance allows for energy extraction, being
related to the Penrose [50] and the Blandford-Znajek [51, 52] processes. At quantum
level, superradiance corresponds a stimulated emission [53, 54] – see also [55]. Apart
from the phenomenology, superradiance also plays a key role within the Kerr/CFT cor-
respondence [56].
As a general question we want to address the repercussion of MOG on the radiation
amplification. In other words, we aim to clarify whether the departure from GR makes
black holes fainter or brighter.
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The paper is organized as follows: In Sec. 2, we present static and rotating black
hole solutions in MOG theory. We introduce the electrically charged and rotating MOG
black hole. In Sec. 3, we consider a scalar field in the Kerr-MOG spacetime and separate
its equation of motion. Using appropriate boundary conditions, we derive in Sec. 4 the
critical frequency for superradiant scattering and we investigate its dependency on the
electric charge. We also compare the energy flux ratios of superradiantly scattered scalar
waves at the critical frequency and we explore the power ratio for a thermal incident
spectrum. We summarize our findings in Sec. 5.
Throughout this paper, we consider a 4-dimensional spacetime, apply the particle
physics metric signature (+,−,−,−), and denote the covariant derivative with respect
to the metric gµν by ∇µ. We use natural units, c ≡ ~ ≡ 1, but keep GN explicitly; for
electrodynamic quantities we adopt Gaussian units.
2 Black Holes in MOG
In MOG, the Einstein-Hilbert action for the gravitational sector is amended by additional
dynamical scalar and vector fields [16, 57]: While the massive vector field φµ leads
to a gravitational repulsion of finite range, its mass µ and coupling parameter ω are
scalar fields such that they can assume spacetime-dependent values. Additionally, the
gravitational constant G is a scalar field, too, which can be parametrized in terms of
the MOG parameter α(x), G = GN(1 +α), where the Newtonian gravitational constant
GN is effectively perceived by a test particle at distance r ≪ µ−1 from a massive object.
Thus α is a measure for the relative difference in the gravitational constants,
α =
G−GN
GN
. (1)
In the weak field approximation for r ≪ µ−1, the acceleration of a test particle reads
[17, 58]
a ≈ −GNM
r2
(
1 + αµ2r2
)
. (2)
At length scales of the Solar System ∼ 1012 m, MOG matches the Netwonian limit with
an excellent accuracy since α is at the most ∼ 10 and the value of µ has to be set
around ∼ (1020 m)−1 to emulate the dark matter. Also the advancement of the Mercury
perihelion has been found to be in agreement with GR [16].
In the following, we assume a vanishing cosmological constant Λ and discard self-
interactions of the vector and scalar fields. A numerical solution to the field equations
for a spherically symmetric spacetime with central Komar mass M has been presented
in [57]. It shows that the scalar fields stay approximately constant, especially for large
distances r ≫ 2GNM .
2.1 Setup
In order to investigate black holes in MOG, the field equations are simplified by the
assumption of constancy of the scalar fields [59]. The scalar field for the vector coupling
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is fixed to be ω ≡ 1. Observational evidence from galaxies and galaxy clusters implies a
low mass of the vector field of µ ∼ 10−28 eV, which corresponds to a characteristic range
of the vector interaction of µ−1 ∼ 24 kpc [17, 18, 59]. There are two reasons to neglect
the vector field mass, µ ≡ 0, in the context of black hole studies: On the one hand, it is
almost vanishing in comparison with the mass of a compact object. On the other hand,
asymptotically flat black hole geometries can realistically describe the gravitational field
only locally and therefore the condition r ≪ µ−1 is easily met. The vector field is sourced
by the so-called matter charge Qg of the black hole. As a central postulate of MOG, the
black hole matter charge is proportional to Komar mass M [57],
Qg =
√
αGN M. (3)
With the assumptions above, the MOG action is given by
SMOG =
1
16pi G
∫
d4x
√−g R− 1
16pi
∫
d4x
√−g BµνBµν + SM (4)
where R is the Ricci scalar, Bµν is the generalized field-strength tensor of the vector
field φµ, Bµν = ∂µφν − ∂νφµ, and SM is the matter action. The MOG field equations in
the matter-free case, i.e. for vanishing matter energy-momentum tensor TMµν = 0, are
given by
Rµν = −8piGTφ µν (5)
1√−g∂µ
(√−gBµν) = 0 (6)
∂σBµν + ∂µBνσ + ∂νBσµ = 0. (7)
Here, Tφµν stands for the traceless energy-momentum tensor associated with φ
µ,
Tφµν = − 1
4pi
[
Bµ
αBνα − 1
4
gµν B
ρσBρσ
]
. (8)
We will also consider the case of electrically charged black holes in which TMµν becomes
the energy-momentum tensor of a Maxwell field Aµ with field-strength tensor Fµν . Its
form is the same as that in (8) with Fµν replacing Bµν .
2.2 Static and Rotating Black Hole Solutions
The line element of the asymptotically flat, spherically symmetric, static MOG black
hole with Komar massM reads in the Schwarzschild-like coordinates (t, r, θ, φ) [16, 59]:
ds2 =
(
1− 2GM
r
+
GQg
2
r2
)
dt2 −
(
1− 2GM
r
+
GQg
2
r2
)−1
dr2 − r2 dΩ2 (9)
=
(
1− 2GM
r
+
αGNGM
2
r2
)
dt2 −
(
1− 2GM
r
+
αGNGM
2
r2
)−1
dr2 − r2 dΩ2.
(10)
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The rotating black hole solution in MOG depends on the spin parameter a = J/M
where J is the Komar angular momentum of the asymptotically flat, axisymmetric, sta-
tionary spacetime. By applying Boyer-Lindquist coordinates (t, r, θ, φ), the line element
can be cast in a form similar to a Kerr-Newman spacetime [59, 60]:
ds2 =
∆(r)
ρ2(r, θ)
(
dt− a sin2θ dφ)2 − sin2θ
ρ2(r, θ)
[(
r2 + a2
)
dφ− adt]2
− ρ
2(r, θ)
∆(r)
dr2 − ρ2(r, θ) dθ2
(11)
with the definitions
∆(r) ≡ r2 − 2GM r + a2 + αGNGM2, (12)
ρ2(r, θ) ≡ r2 + a2 cos2θ. (13)
We can obtain the electrically charged version of the black hole metric by replacing
Qg
2 by Qg
2+Qel
2, where Qel denotes the electric charge. The only change occurs in the
definition of ∆:
∆(r)→ ∆el(r) = r2 − 2GM r + a2 + αGNGM2 +GQel2. (14)
The outer (“h”) and inner (“−”) black hole horizons lie at
rh/− = (1 + α)GNM
(
1±
√
1
1 + α
− a
2
((1 + α)GNM)
2 −
Qel
2
(1 + α)GNM2
)
. (15)
In the extremal case both horizons merge at rh = (1 + α)GNM . The allowed range for
the spin parameter to ensure a hidden singularity turns to be
0 ≤ a ≤ √1 + α
√
1− Qel
2
GNM2
GNM. (16)
We note that contrary to what happens in GR the spin parameter can exceed GNM .
In general, we do not expect a black hole to have substantial electric charge. One
can see this by considering the ratio between electrostatic and gravitational forces. In
case of protons it is of order ∼ 1036 and in case of electrons of order ∼ 1042. A charged
black hole favors the accretion of matter of opposite charge. In the case of matter of the
same charge, the electric repulsion could exceed the gravitational attraction if the black
hole charge was large enough. This situation would result in a charge-selective accre-
tion eventually discharging the black hole. Whether charge-dependent or -independent
accretion occurs can be estimated by comparing the gravitational and the electrostatic
potential energies of a test particle of mass m and charge qel. Like in GR, no discharge
happens if the MOG black hole charge-to-mass ratio satisfies
Qel√
GNM
≤
√
GNm
qel
. (17)
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For an estimation of the upper limit on Qel/M one has to specify the lightest free
charged particles around the black hole. If we assume a hydrogen plasma consisting
of protons (m/qel = 10
−18 GN
−1/2) and electrons (m/qel = 10
−21 GN
−1/2), we find
Qel/M ≤ 10−18 GN1/2 for a positively charged black hole and even less for a negatively
charged one [15, 60, 61]. For microscopic black holes, one finds even more stringent
limits due to quantum effects. An evaporating black hole will discharge thermally and
the above relation becomes in such a case
Qel√
GNM
≤
√
GNme
e
(GNmeM) , (18)
with M < 1/GNme ∼ 1014 kg, where me is the electron mass and e is the elementary
charge [62, 63].
3 Wave Scattering by MOG Black Holes
In this Sec. we turn towards scattering of fields by rotating black holes. For simplicity
we focus on a scalar field. Since the rotating MOG black hole spacetimes are similar to
Kerr-Newman geometries, we proceed in agreement to [64].
3.1 Equation of Motion
An electrically neutral scalar field Φ of mass µs is subject to the Klein-Gordon equation(∇α∇α + µs2) Φ(t, r, θ, φ) = 0. (19)
In the rotating MOG black hole spacetimes above, this equation allows for a natural
separation [65, 66]; we focus on a single monochromatic mode
Φ(t, r, θ, φ) = Rωlm(r) Zωlm(θ, φ) e
−iωt (20)
where ω is the frequency of the scattering field as measured by an observer at infinity,
Rωlm(r) is the radial function, and Zωlm(θ, φ) denotes an oblate spheroidal harmonic
which can be expressed in terms of the oblate spheroidal wave function Sωlm(θ),
Zωlm(θ, φ) = Sωlm(θ) e
imφ. (21)
The degree l ≥ 0 and order −l ≤ m ≤ l specify the solid angular dependency. The
partial differential equation (19) splits into two ordinary differential equations with the
separation constant Kωlm:
d
dr
(
∆(r)
dRωlm(r)
dr
)
+
(((
r2 + a2
)
ω − am)2
∆(r)
− µs2r2 −Kωlm
)
Rωlm(r) = 0 (22a)
1
sin θ
d
dθ
(
sin θ
dSωlm(θ)
dθ
)
+
(
−
(
aω sin θ − m
sin θ
)2
− a2 µs2 cos2θ +Kωlm
)
Sωlm(θ)
= 0
(22b)
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In the following we concentrate on the radial equation (22a). It can be simplified by
introducing a Regge-Wheeler-like coordinate r∗ fulfilling
d
dr
=
r2 + a2
∆(r)
d
dr∗
(23)
which becomes r∗ →∞ at infinity and r∗ → −∞ at the horizon. Moreover, we define a
modified radial function R˜ωlm(r∗) by
Rωlm(r) =
(
r2 + a2
)−1/2
R˜ωlm(r∗). (24)
Then the equation takes on a Schro¨dinger-like form
d2
dr∗2
R˜ωlm(r∗) + Vωlm(r) R˜ωlm(r∗) = 0 (25)
with the scattering potential
Vωlm(r) =
(
ω − am
r2 + a2
)2
− ∆(r)
(
µs
2r2 +Kωlm
)
(r2 + a2)2
+
∆(r)
(−2GMr + 2 a2 + 2αGNGM2)
(r2 + a2)3
− 3 a
2∆2(r)
(r2 + a2)4
.
(26)
3.2 Asymptotic Solutions
The boundary conditions play a crucial role in the investigation of scattering processes.
They are imposed at null infinity and at the horizon. We stress here that the limit at
infinity is meant to be in agreement with the asymptotic ordering of the parameters of
the theory. In other words, we consider infinity to be equivalent to having r ≫ rh with
the auxiliary condition r ≪ µ−1 for an almost vanishing mass parameter µ ≈ 0. After
such clarification, we can display the asymptotic behaviors of the potential in eq. (26).
We find constant values, both at infinity
lim
r→∞
Vωlm(r) = ω
2 − µs2 × lim
r→∞
r2∆(r)
(r2 + a2)2
= ω2 − µs2 = (k∞)2 (27)
and at the horizon
lim
r→rh
Vωlm(r) = (ω −mΩh)2 = (kh)2 . (28)
Here we used the horizon angular velocity
Ωh = −
gtφ
gφφ
∣∣∣∣
r=rh
=
a
rh2 + a2
, (29)
and introduced the definitions
kh ≡ ω −mΩh, k∞ ≡
√
ω2 − µs2. (30)
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At this point one can check the accuracy of the proposed approximation for the value of µ.
First, one can see that the scattering dynamics is almost insensitive to the far-distance
regime. To appreciate the corrections coming from the breakdown of the condition
µ ≈ 0, one can estimate the upper bound of the relative difference between the scattering
potential (26) at r = µ−1 and r →∞. For a typical solar-mass black hole we find such a
difference is of the order ∼ 10−16, while for a supermassive black hole, e.g., Sgr A*, is of
the order ∼ 10−9. Furthermore for the specific case of superradiance, the phenomenon
depends on the horizon only, namely on those values of Ωh that make kh negative. As a
result, we can safely continue our analysis.
By solving eq. (25) asymptotically, one obtains the radial function:
R˜ωlm(r∗)→
{
Ahin e
−ikh r∗ +Ahout e
ikh r∗ for r∗ → −∞
A∞in e
−ik∞ r∗ +A∞out e
ik∞ r∗ for r∗ → +∞
(31)
The full solution with r∗ = r∗(r) reads:
Φ(t, r, θ, φ)
→ Sωlm(θ)×


1√
rh2+a2
(
Ahin e
−i(kh r∗+ωt−mφ) +Ahout e
i(kh r∗−ωt+mφ)
)
for r → rh
1
r
(
A∞in e
−i(k∞ r∗+ωt−mφ) +A∞out e
i(k∞ r∗−ωt+mφ)
)
for r →∞
(32)
The indices of the amplitudes A determine the incident (“in”) or scattered (“out”) parts
of the wave at infinity (“∞”) or at the horizon (“h”).
Since our scattering field is electrically neutral, there is no coupling to a possible
electromagnetic vector potential. Thus the calculation above is independent of a possible
electric charge of the black hole. The only difference occurs in the value of the horizon
angular velocity defined in eq. (29) due the change of the horizon position.
4 Superradiance
We are interested in the reflection coefficient R ≡ A∞out/A∞in which indicates the am-
plitude ratio of the reflected and the incident radiation as measured by an observer at
infinity. The effect of amplification of the radiation scattered off the black hole, i.e. re-
flectance |R|2 > 1, is called superradiance [45–48]. We demand the boundary condition
Ahout = 0, namely no outgoing radiation at the horizon as seen by any local observer, in
order to ensure causality [67]. Such a condition for Ahout determines the profile of the
so-called IN-mode in (32).
4.1 Superradiant Frequency Range
In order to relate the amplitudes of the mode given in eq. (32) at the horizon and at
infinity, we study the structure of the radial equation (25). According to Abel’s identity,
the Wronskian of two solutions to this ordinary differential equation does not depend
on the radial position. Furthermore, since the coefficients of the ordinary differential
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equation are real, these two solutions can be chosen to be complex conjugates. We
obtain
kh
(∣∣∣Ahout∣∣∣2 − ∣∣∣Ahin∣∣∣2
)
= k∞
(
|A∞out|2 − |A∞in |2
)
. (33)
With the help of the transmission coefficient T ≡ Ahin/A∞in and the boundary condition
Ahout = 0, we rewrite eq. (33) as
| R |2 = 1− kh
k∞
| T |2. (34)
Thus superradiance occurs if kh < 0 which translates into a critical frequency for the
scalar field:
ω
m
< Ωh =
a
rh2 + a2
(35)
This effect only shows up for positive orders m ≥ 1. This means that the rotation
of the hole enhances the energy of an incoming low-frequency classical wave with an
angular momentum oriented towards that of the hole. In other words, supperradiance
slows down the black hole rotation [68]. For negative-frequency modes, superradiant
scattering obeys the same condition (35). In this case, m has to be negative. Note that
in any case the absolute value of the frequency has to be larger than the field mass,
|ω| > µs, in order to ensure a propagating mode.
The black hole angular velocity Ωh acts as the normalized critical frequency. It
encodes the dependency on the MOG parameter α, the spin parameter a, and the electric
charge Qel. We explore these relations below. Thereby, we consider 0 ≤ α ≤ 10 as this
is the range indicated by the analysis of gravitational wave signals [24].
4.2 Critical Frequencies
We start with electrically neutral rotating black holes in MOG. Fig. 1 shows the nor-
malized critical frequency Ωh as a function of the spin parameter a for different values
of the MOG parameter α. The comparison of black holes of the same mass reveals that
the higher is α, the lower is the critical frequency. The allowed spin range for MOG
black holes is extended to values a > GNM according to eq. (16). As a result only in
the interval 0 ≤ a ≤ GNM a direct comparison with Kerr black holes in GR (α = 0) is
possible. The suppression ratio (Ωh)MOG/(Ωh)GR amounts to 0.20–0.34 for α = 1 and
0.010–0.020 for α = 10.
For fixed massM , the maximal critical frequencies occur for extremal configurations,
i.e. when inner and outer horizons merge. This is due to the fact that an extremal black
hole possesses the smallest event horizon radius so that the horizon angular velocity
becomes the largest. For what is discussed above also extremal black hole critical fre-
quencies decrease with α – see Fig. 2. Such a frequency decrease is more marked for
0 < α . 3. Higher values of α modify the frequency to a lesser extent.
The presence of black hole electric charge modifies the horizon radius according to
(15). This is the only modification affecting the scattering properties of the neutral
scalar field Φ which otherwise is insensitive to the charge. Fig. 3 shows the relative shift
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Figure 1: Normalized critical frequency Ωh as a function of the spin parameter for GR
(α = 0) and MOG (α > 0). The region below a curve indicates the frequency range in
which a scalar field is superradiantly scattered. Larger α’s, α > 10, imply even smaller
critical frequencies.
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Figure 2: Maximal normalized critical frequency Ωmaxh of an electrically neutral rotating
black hole as a function of the MOG parameter α. For each value of α, the spin parameter
a is chosen to make the black hole extremal.
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of the normalized critical frequency Ωh as a function of the spin parameter a. We have
chosen the maximal electric charge according to eq. (17).
0.0 0.5 1.0 1.5 2.0 2.5 3.0
2.×10-3 
4.×10-
6×10
-
8.×10-
1.×10-	
a / (GN M)
Δ
Ω
h
/
Ω
h
Qel = Qe
 max
α = 0
α = 1
α = 3
α = 
α = 10
Figure 3: Relative shift of the normalized critical frequency, ∆Ωh/Ωh, caused by the
electric charge Qel as a function of the spin parameter a. The largest charge allowing
a stable configuration in the astrophysical context is chosen, Qel,max = 10
−18 GN
1/2M ,
from (17).
We note that the electric charge has an antagonist effect to MOG: It enhances the
critical frequency. The largest contribution arising for extremal black holes (which have a
smaller spin cf. eq. (15)) is displayed in Fig. 4. However, since the maximal astrophysical
charge-to-mass ratio is so small, the effects on a neutral scalar field are negligible. In
the following, we restrict our attention to neutral black holes.
4.3 Energy Flux Ratios
As a direct consequence of a smaller value of Ωh, MOG manifests itself in a suppression
of higher frequencies of the reflected wave spectrum. This means that only a smaller
range of the initial frequency spectrum can be amplified. This attenuation has an even
larger impact on the luminosity since the superradiant frequencies are less energetic
than the absorbed ones. The outgoing energy flux E˙ measured at infinity, namely for
rh ≪ r ≪ µ−1 as outlined above, can be calculated from the field’s energy-momentum
tensor and by considering an infinitesimal timelike surface element of a constant r-slice
at infinity. In the case of a monochromatic massive scalar field, one can derive (cf. also
[55])
E˙ =
ω k∞
2
|A∞out|2 =
ω k∞
2
|R |2 |A∞in |2, (36)
where R and A∞in depend on the frequency ω, the degree l, and the order m.
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Figure 4: Maximal relative shift of the normalized critical frequency due to electric charge
of the black hole as a function of the MOG parameter α. For this case, only extremal
black holes with the largest astrophysically reasonable charge, Qel,max = 10
−18 GN
1/2M ,
are considered – see (17).
As a start, we compare the MOG and GR energy fluxes of two monochromatic
waves with the same ingoing amplitude A∞in , but at the respective critical superradiant
frequency. Since, by definition, |R |ω=mΩh = 1, the ratio becomes
E˙critMOG
E˙critGR
=
(Ωh)MOG (k∞)MOG
(Ωh)GR (k∞)GR
≤ (Ωh)
2
MOG
(Ωh)
2
GR
< 1, (37)
where we have used eqs. (35) and (15) in the last step. This ratio in the massless
case µs = 0 is displayed in Fig. 5 in the spin range applicable to GR black holes. As
expected, there is a strong dependency on α due to the quadratic dependency on the
critical frequency ratio. Already for α > 3, the flux ratio becomes much smaller than
unity.
The analysis of polychromatic wave scattering is very related to the incident spectrum
and thus to the external source of radiation at infinity. Those frequencies of the incident
spectrum that are below the critical frequency of GR but above the critical frequency of
MOG are superradiantly scattered by the GR black hole while absorbed by the MOG
black hole. This leads to the conclusion that the MOG black hole is fainter. The larger
is the value of α, the bigger is the difference in the respective critical frequencies, and
thus the larger becomes the frequency range of the incident spectrum for which MOG
black holes will not superradiate.
To better clarify this result, we offer an example with a specific incident spectrum.
To compare the MOG and GR fluxes, one has to integrate over the flux contribution of
each mode weighted by the normalized initial mode distribution n(ω),
E˙tot =
∫
dω
ω k∞
2
|R(ω)|2 n(ω). (38)
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Figure 5: Ratio of the outgoing energy flux at infinity as a function of the spin pa-
rameter a for neutral MOG and GR black holes. In this case, the incoming waves are
monochromatic with frequencies equaling the respective critical frequency, i.e. (Ωh)MOG
and (Ωh)GR, and µs = 0.
While in principle waves of different degrees and orders contribute, we consider waves
with l = m = 1 which show the largest superradiant amplification [46, 55]. For the
incident radiation, we consider a thermal spectrum at the temperature T as a specific
case. This choice is justified in the presence of background sources such stars or the CMB
radiation, despite our analysis is based on the scalar field only. We stress, however, that
we do not consider a single source at a certain direction, but a bunch of emitters with an
angular distribution according to the mode under consideration, i.e. l = m = 1. We also
consider negligible the contribution due to the Hawking temperature TH of the black
hole, namely
T ≫ TH = (rh − r−)
4pi a kB
Ωh. (39)
Upon the above conditions we assume for the incident spectrum the normalized black
body mode spectrum of a massless scalar field
n(ω) =
ω2
2 ζ(3) k3B T
3
(
exp
(
ω
kB T
)
− 1
) , (40)
where ζ(x) denotes the Riemann zeta function and 2ζ(3) ≃ 2.40. The peak frequency
ωpeak is related to the temperature by
ωpeak =
[
2 +W
(
− 2
e2
)]
kBT ≃ 1.59 kBT , (41)
where W (x) is the Lambert W function. Therefore, the temperature regime T ≫ TH
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implies
ωpeak
Ωh
≫ 1.59
4pi
(
rh − r−
a
)
(42)
which allows for ωpeak < Ωh only for rh ∼ r−, i.e., when the MOG black hole is close to
its extremal configuration.
Conversely the above condition can be easily met in the regime Ωh < ωpeak < (Ωh)GR.
To see this, we write (42) as
ωpeak
(Ωh)GR
≫ 1.59
4pi
(
rh − r−
a
)(
Ωh
(Ωh)GR
)
≡ σ (43)
where we define the function σ that is plotted in Fig. 6. The exclusion curve depends
both on the MOG and spin parameter. In the limit a ≃ GNM and/or for α > 4, one finds
σ ≪ 1 corresponding to a negligible Hawking temperature even for low ωpeak, namely in
the interval Ωh < ωpeak < (Ωh)GR. In Fig. 7, such a frequency interval is analyzed. One
can see the thermal spectrum and a sketch of the portion of frequency modes that are
superradiantly scattered by a MOG and a GR black hole, respectively.
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a = 0.9
a = 0.95
a = 0.985
a = 1
Figure 6: Exclusion curve σ for the normalized peak frequency, ωpeak/(Ωh)GR, as a
function of the MOG parameter α for different spin parameters a in GNM units. The
black hole electric charge is set to zero. Larger peak frequencies ωpeak ensure that
the temperature of the incident radiation is much higher than the black hole Hawking
temperature, T ≫ TH.
For the integration in eq. (38), we need the reflectance | R |2 as a function of the
frequency which has in general no analytic expression. We can however approximate the
reflectance as
| R |2 = Θ
(
Ωh − ω
m
)
, (44)
since it exhibits a plateau and a maximum around ∼ 1.004 in case of a scalar field in
GR [46, 55].
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Figure 7: Normalized thermal mode distribution n(ω) as a function of the frequency ω.
The orange region represents a frequency range which is superradiantly scattered in the
MOG case with horizon angular velocity (Ωh)MOG. In contrast, the combination of the
orange and blue regions stands for the frequency range superradiantly scattered by a
GR black hole of the same mass and spin parameter, but a different horizon angular
velocity of (Ωh)GR.
The resulting energy flux ratio as a function of α is displayed in Fig. 8 for a spectrum
peak frequency ωpeak = (Ωh)GR/2. The strong suppression emerges also for small values
of α. In Fig. 9, the flux ratio is displayed as a function of ωpeak for different values of α.
One can see that the MOG superradiance dies quickly off as ωpeak approaches (Ωh)GR
from below. From the above two cases, we conclude that the superradiance is “switched
off” quite drastically if the MOG parameter α is “turned on”.
Before the conclusion, we offer some additional considerations above the case of a
massive field and the spectrum characteristics. From (30) one learns that not only ω is
bounded from above but µs too, namely
µs < |ω| < |m| Ωh = |m| a
rh2 + a2
≡ µs,max. (45)
This implies that the bigger is the black hole, the lighter is the particle that can be
superradiantly scattered. A solar mass black hole would have µs,max ≈ 6.7× 10−11 eV
for m = 1 in the most promising case of an extremal configuration. This implies that
only massless particles can be superradiated, since such a limit for µs, max is ten order
of magnitude smaller than the limit on the neutrino mass. Interestingly only very soft
massless particles can be superradiated. For instance the CMB is too hot for a solar
mass black hole. Photons at T = 2.7 K undergo a superradiance by a GR black hole
only if its mass is smaller than ∼ 1024 kg. In case of MOG, CMB superradiance can
only occur for even smaller masses.
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Figure 8: Superradiated energy flux ratio for an incoming thermal spectrum as a
function of α. The spin of the neutral black hole is a = GNM implying that the GR
black hole is extremal with vanishing Hawking temperature TH. The peak frequency of
the thermal spectrum is chosen to be ωpeak = (Ωh)GR.
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Figure 9: Energy flux ratio for a thermal initial spectrum as a function of the peak
frequency, ωpeak. Note that ωpeak is proportional to the temperature of the spectrum.
The spin of the neutral black hole is a = GNM implying that the GR black hole is
extremal and has vanishing Hawking temperature TH.
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5 Summary and Outlook
In this paper we have considered the problem of the superradiance for rotating black
holes in the modified theory of gravity called MOG. Such a theory has as a main feature
the presence of a massive vector field that mediates the gravitational interaction together
with the metric. This implies that black holes have a gravitational charge proportional
to their mass. Additionally the gravitational constant is a scalar field depending on a
parameter called α(x).
By assuming the Boyer-Lindquist coordinates, the axisymmetric black hole turns to
be a short-scale solution of the field equations resembling the Kerr-Newman geometry as
far as the vector field mass can be neglected, µ ≈ 0. On the top of such a spacetime, we
have studied the scattering properties of a scalar field. The phenomenon of superradiance
occurs due to an enhancement of the amplitude of scattered modes, that impinge on the
spinning black hole with collinear angular momentum.
The main results emerging from MOG is a drastic reduction of the critical frequency
of superradiance also for small values of the parameter α. This implies that the reflected
spectrum is red-shifted in the sense that a larger portion of incoming frequency modes
are absorbed. Such a behavior has repercussions on the power spectrum. MOG black
holes turn to be fainter with respect to their GR counterparts. From the study of a
thermal bath of incoming particles we showed that only very soft massless particles can
be emitted. For instance the CMB photons are too hot to be superradiantly scattered
by a solar mass black hole. The case of charged superradiance confirms this scenario
since the electric charge has negligible effect on the spectrum.
Despite the current analysis concerns the scalar field only, we argue that the case of
higher spin cannot modify our conclusions. This is due to the fact that MOG introduces
modifications of the critical frequencies which are a property of the black hole and do
not depend on the nature of the scattered field. In other words, the black hole will slow
its rotation and feed the field with energy to a lesser extent than in the GR case.
We believe the current work is subject to further analyses in connection to the jet
launching mechanisms. We also expect that the proposed results can be tested against
astronomical observations in a near future.
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